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H Y D R O D Y N A M I C S  OF A P O I N T  VORTEX RING 

V. l. K o r o b k o  an d  I. V. Chekh UDC  538.517.4 

The kinematics and dynamics of  a point vortex ring in an incompressible f lutd and its interaction with a 

surface are considered. 

In [1 ], a c i rcular  vortex with a zero fluid velocity on its axis  is s tudied .  The  axis  of the vortex is a circle 

of rad ius  R, a r o u n d  which the fluid mot ion occurs.  In the present  ar t icle  this circle is a s s u m e d  to be a closed vortex 

f i l ament  with inf in i te  c i rculat ion.  In this case, when  a n y  o ther  fluid flow is superposed  on the c i rcular  vortex,  its 

axis,  unl ike  [1 ], does not  change  its posit ion in space, thus a l lowing ex tens ion  of the r ange  of imposed  flows. 

A solut ion of the problem is ob ta ined  in a toroidal coord ina te  sys tem (a, r, ,p) [2 ]. 

K i n e m a t i c s  of Vortex Ring. Th e  s t a t eme n t  of the problem of a toroidal  vortex is given in [ 1 ]. In the case 

of a point  vortex the b o u n d a r y  condi t ions  on the vortex axis have the form 

V a--,  m when r - ~  ~ .  (I)  

By in teg ra t ing  the con t inu i ty  equat ion ,  we obta in  the following express ion  for the velocity: 

V o = c ( r )  ( c h r  - COSa) 2. (2) 

Let us consider a part icular  case that satisfies condit ion ( l ) : c: = c(r) = cl = const. According to the boundary 

condi t ion  at the s y m m e t r y  point  of the lorus 

V o = V 0 = const  when a = + az , r -* 0 ,  

from Eq. (2"~ we ob ta in  cl = 1/o/4. We now write express ion  (2) in cy l indr ica l  coord ina tes  (z, y, ~p) [1, 2 1: 

V o = 

4 
Voa 

((y- a) 2 + z 2) (0' + a) 2 + z 2) " 

In project ion onto  the axis  of the coord ina tes  we obta in :  

V z = 

VO a4 (3'2 - a2 - z2) (3) 

I ( 0 ' -  a) 2 + z 2) ((y + a) 2 + z 2) 13/2, 

Uy : -- 
VO a42yz (4) 

I ( ( Y -  a) 2 + z 2) ((3' + a) 2 + z 2 ) ] 3 , 2  " 

hence,  upon in tegra t ion  of the equa t ions  U>, = - ( I / y ) . ( 0 q J 0 / a z  ) and  Uz = (l / y ) .  (aqJo/dy) ,  we write the express ion  

for the s t ream funct ion 

qJO = - 

Voa2 (z 2 + y2 + a2) (5) 

4 ~ / ( (y -  a) :~ +--Z z) ((y + a) -Z-+-~ 
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Fig. 1. Var ia t ion  o f  veloci ty  Uz/I/o a long the  coo rd ina t e  axes :  I) a long  zla 
axis ;  2) a long  the y/a axis .  

Fig. 2. Dis t r ibu t ion  of s t r eaml ines  qJ, in flow a r o u n d  vor tex  r ing;  a) k = 0.8: 

1) qs, = - 0 . 3 2 5 ;  2 - 0 . 2 5 ;  3 - 0 . 2 ;  b) /~ = 1: 1) qJ, = - 0 . 5 ;  2) - 0 . 2 5 ;  3) - 0 ;  

c) ,{: = 1.5: 1) qs, = - 1 ;  2) - 0 . 2 2 4 7 ;  3) - 0 . 2 3 7 5 ;  4) - 0 . 2 5 ;  5) 0.325. 

Vor tex  Ring in U n i f o r m  Rec t i l inea r  Flow. As a resul t  of superpos i t ion  of the s t r e a m  func t ions  of a toroidal  

vor tex  ~ 0  and  of a r ec t i l i nea r  flow ~1 = VIy 2/2 [I 1, we have  qJ = qJ0 + qsl or  in d i m e n s i o n l e s s  form {using the  

no ta t ion  z = z /a ,  y= y /a) ,  

/t I 2 z2 + y2 + 1 
q s ,  - - -  - /c y 

VO a2 2 4 ' , / ( ( y -  a) e + z 2) ( ( y +  a) 2 + z 2) 

where  k = V l / V  o. T h e n  we expres s  the funct ion z = z(y, ,{:, qs,) and  obta in  an equa t ion  for the t ra jec tor ies  of the 

fluid par t ic les  

z = " - y - 1 (6) 
l - (2ky 2 - 4qs,) -2 

S t a t i o n a r y  Vor tex  in the Vicinity of  an  I m p e r m e a b l e  S u r f a c e  P e r p e n d i c u l a r  to the Vor tex  S y m m e t r y  Axis .  

Suppose  a su r face  lies in the x0y plane.  We cons ide r  two vortices with thc s a m e  d i rec t ions  of c i rcu la t ion  located as 

follows: 

1) the axis  of the first torus lies in the = = h plane;  

2) the axis  of the second  torus lies in the z = - h  plane,  

which a rc  desc r ibed  by the s t r eam func t ions  tlJ I and  tlS 2, veloci t ies  Uzl, Uz2, Uyl, and  Uy2, s imi la r ly  to fo rmulas  

13)-(5). Only  for the first lorus  shou ld  z be replaced  bv z - h, and  for the second torus,  by z + h. T h e  add i t ion  

~f these  two c i rcu la r  vor t ices  at z = 0 y ie lds  
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Fig. 3. Dis t r ibu t ion  of s t r eaml ines  tp. nea r  a plane:  1) tlJ. = -0 .2 .5;  2) -0 .0 ,5 ;  

3) -0 .07,5;  4) - 0 ;  a) h / a  = 2; b) 0.,5. 

Uvl 2 = U,, I + /..I,,2 = 0 

Uzl 2 = Uzl + Uz2 = 

2 Vo a4 (y2 _ a 2 _ h2) 

[ ( ( y _  a)2 + h 2 ) ( ( y +  a)2 + k 2)]3 2 

(7) 

Thus ,  in o rder  to ob ta in  an  impermeab le  surface,  it is necessa ry  to add  a third c i rcular  vortex with the 

axis located in the z = 0 plane  and  with the velocity, profile 

Uy 3 = O, U:3 = - Uzl 2 at z = O. (8) 

P roceed ing  from Eq. (7), we a s s u m e  that 

2 2 k2 4 (y -- a -- -- Z 2) 
Uz3 = - 2Voa 

k2 z2) ]3.,2 ' ] ( ( y -  a) 2 + k 2 + z 2) ( ( y +  a) 2 + + 

where  Uz3 = (1/Y) ' (0qs3/SY).  T h e n ,  in tegra t ing  this express ion  and  taking into account  the formula  for Uz3, wc 

have 

qJ3 = VO a2 
2 h 2 2 2 y + + a  + z  

2 g ( ( y -  a) ~ + g + z ~) ((y + ~)~ + g +z--z-f 

Uy 3 = 

4 
4 Voa zy 

( ( y -  a) 2 + k 2 + z 2) ( ( y +  a) 2 + k 2 + z 2) ]  3 / 2  

We found that a s t a t iona ry  point vortex located nea r  the surface al d i s tance  t7 is descr ibed  by, the following 

express ions :  

tp = tl, I + q/2 + tl,3, U z = L/zl + Uz2 + Uz3, Uy = Uvl + I/y 2 + I/y 3 . (% 

Results  of Ca lcu la t ions .  Figure 1 presents  the resul ts  of calculat ion of the velocity profiles of a s t a t iona ry  

vortex in space. (Curve I represen ts  the velocity profile on the s y m m e t r y  axis of the torus ( y = 0 ) . )  Th i s  velocity 

profile coincides  with the resul ts  of [1 ] for a vortex with a zero velocity on the torus axis. Curves  2 represen t  the 

d i s t r ibu t ion  of velocities ill .7. = 0. The  calcula t ions  were per formed by formula (3). 

The  resul ts  of the in te rac t ion  of a circular  vortex with a rec t i l inear  flow are  p resen tcd  in Fig. 2 in the form 

of s t r eaml ines  d e p e n d i n g  on the coefficient k = V 1. V 0. From Figs. 2a and  2b (k < 1) it follows thai  the flow has 
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Fig. 4. Variation of shear stresses on a plane along the y/a axis: l ) h/a = 0.5; 

2) 1. 

two regions: an internal  vortex region and a region of flow around the toroidal vortex. As the coefficient k increases, 

the critical points of the flow A and B come closer together and at VI = V0 (k = 1) merge into one point 0. A further 

increase in the coefficient k leads to the appearance of a third flow region: a fluid flow moving inside the circular 

vortex along the axis of its symmetry.  This is shown in Fig. 2c, where K is the critical point (V K = 0). Thus,  here, 

unlike [1 ], the flow velocity at infinity U~ = V] is not limited by the values 0 < I,' I < V 0, i.e., in principle, we can 

consider a circular vortex moving with any velocity. The streamlines were calculated by formula (6). 

The results of calculation by the first expression of system (9) for the streamlines of a s ta t ionary vortex 

near  a solid surface at different distances from it are presented in Fig. 3. 

Now, we estimate the distr ibution of the shear stress on a plane with liquid flow formed by a circular vortex 

located in the vicinity of the plane. According to the Newton law, we have 

0U v 
r = , a ~  at z = 0 .  

The results of calculations in the form of the dependence of the dimensionless  stresses ~a/,,~ V 0 on the radial 

coordinate y / a  are given in Fig. 4. The dependence corresponding to the ratio h/a = 2 is not shown, because the 

maximum value of shear  stresses at this ratio is equal to 0.1. It is seen from the figure that as the circular vortex 

approaches the plane, the shear  stresses increase sharply. Thus,  when the ratio h.:a decreases by a factor of two, 

the value of ~a/f* V0 increases by a factor of about ten. For circular vortices corresponding to Figs. 3a and 3b the 

maximum shear stresses on the plane are equal to 11.6 and 1.3, respectively. 

N O T A T I O N  

a, r, r toroidal coordinates ;  l/(Vo, V T, Vr velocity of fluid particle and  its projection in toroidal 

coordinates; !/o, velocity at center of vortex ring on the axis of its symmetry;  z, y, r cylindrical coordinates;  a, 

distance from the lorus axis to the axis of its symmetry' (0z): Uz, Uy, velocities in cylindrical coordinate system; 

tP o, stream function of s tat ionary vortex ring; U~ = V], velocily of rectil inear flow at infinity'; q~l, stream function 

of rectil inear flow; q* = tP 0 + qSl, superposilion of two flows; ~: = t/1 / V  0' coefficient of the velocity ratio; W. = 

ql /V0a 2, dimensionless  stream function; h, distance from axis of circular vortex to the x0y plane; ~-, shear  strcss; 

1~, cocfficient of dynamic viscosity. 

R E F E R E N C E S  

1. V.I .  Korobko and 1. V. Chekh, Inzh.-Fiz. Zh., 68, No. 4 ,531-536 {1995). 

2. G. Korn and T. Korn, l l andbookof  Mathematics forSc icn t i s t sand  Engineers,  McGraw-ti i l l ,  New York {1968). 

103 


